Based on measurements of soft-x-ray magnetic scattering and symmetry considerations, we demonstrate that the magnetoelectric effect in TbMn 2 O 5 arises from an internal field determined bySq S ÿq withSq being the magnetization at modulation vectorq, whereas the magnetoelastic effect in the exchange energy governs the response to external electric fields. Our results set fundamental symmetry constraints on the microscopic mechanism of multiferroicity in frustrated magnets. DOI: 10.1103/PhysRevLett.98.157202 PACS numbers: 75.25.+z, 77.80.ÿe, 78.70.Ck Materials which exhibit coexistence of magnetism and ferroelectricity with cross coupling, termed multiferroicity, are attractive because they offer the possibility for realizing mutual control of electric and magnetic properties. The key phenomenon behind such mutual control lies in the capability for the induction of magnetization by an electric field or of electric polarization by a magnetic field, known as the magnetoelectric effect [1, 2] . The magnetoelectric effect is an important characterization of multiferroicity but has been poorly understood. The effect could be largely enhanced by the presence of internal fields. However, such enhancement requires the coexistence and strong coupling of magnetism and ferroelectricity, which rarely happen in real materials. Recent discoveries of giant magnetoelectric couplings in frustrated magnets [3, 4] thus offer new opportunities for a thorough scientific understanding of multiferroicity as well as multiferroic applications.
Materials which exhibit coexistence of magnetism and ferroelectricity with cross coupling, termed multiferroicity, are attractive because they offer the possibility for realizing mutual control of electric and magnetic properties. The key phenomenon behind such mutual control lies in the capability for the induction of magnetization by an electric field or of electric polarization by a magnetic field, known as the magnetoelectric effect [1, 2] . The magnetoelectric effect is an important characterization of multiferroicity but has been poorly understood. The effect could be largely enhanced by the presence of internal fields. However, such enhancement requires the coexistence and strong coupling of magnetism and ferroelectricity, which rarely happen in real materials. Recent discoveries of giant magnetoelectric couplings in frustrated magnets [3, 4] thus offer new opportunities for a thorough scientific understanding of multiferroicity as well as multiferroic applications.
In frustrated magnets, such as RMnO 3 and RMn 2 O 5 (R Tb, Dy, and Ho) [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , the spontaneous electric polarization (P) appears in certain antiferromagnetic (AFM) phases. Unlike old examples of multiferroics, the magnetoelectric couplings exhibited by these materials are gigantic, and the magnetic phases involved are complicated and commonly incommensurate with lattice. The magnetic transition temperature is higher than the ferroelectric one, suggesting that the ferroelectricity is induced by magnetic order. Furthermore, the inversion symmetry in the magnetic phases with ferroelectricity is broken [11, 12] , implying that the magnetic order couples to odd orders of P. In addition, these magnets show anomalies in the temperature dependence of dielectric constant ". For RMnO 3 , the ferroelectric transition is accompanied by a magnetic transition from incommensurate sinusoidal to spiral AFM order [11, 12] . Kenzelmann et al. have applied the Ginzburg-Landau theory to understand the multiferroic behavior [11] . In contrast, although Chapon et al. [13] found that the ferroelectricity in YMn 2 O 5 results from acentric spin-density waves, little is known about the underlying mechanism of multiferroicity in RMn 2 O 5 because of their structural complexity. The exact relation and interplay between AFM order and ferroelectricity in frustrated magnets are unknown and remain controversial [12 -16] .
The presence of internal fields is the simplest origin of the cross coupling between magnetism and ferroelectricity. Microscopically, however, it is difficult to identify them due to their weak effect. Historically, scattering has been shown to be powerful for measuring accumulated microscopic changes and for revealing orderings and their relations directly. Neutron scattering [17] , for example, first convincingly proved the existence of the antiferromagnetic phase of MnO. Here, by resorting to soft-x-ray magnetic scattering [18] and an analysis based on the phenomenological Ginzburg-Landau approach, we demonstrate that the magnetically induced ferroelectricity in TbMn 2 O 5 arises from an internal field determined bySq S ÿq with Sq being the magnetization at modulation vectorq. The results indicate that the noncollinearity of spins is essential for the existence of inducedP, independent of commensurability and chirality. In contrast, the external electric fields alter the exchange coupling, yielding anomalies in the temperature dependence of the dielectric constant.
We present measurements of soft-x-ray magnetic scattering around the L 3 (2p 3=2 ! 3d) absorption edge of Mn to reveal the detailed coupling of ferroelectricity and AFM order in TbMn 2 O 5 . Soft-x-ray magnetic scattering is a newly developed technique which is sensitive to the magnetic moment of transition-metal d electrons [18] [19] [20] [21] , allowing us to probe magnetic order with high sensitivity. The scattering amplitude is proportional to the magnetizationSq, which is P jSj e iqr j withS j andr j being spin moments and position vectors, respectively. We performed scattering measurements with the elliptically polarizedundulator beam line at the National Synchrotron Radiation Research Center (NSRRC) in Taiwan. The inset of Fig. 1 illustrates a schematic view of scattering geometry. A single crystal of TbMn 2 O 5 100 with dimensions of 2 1 1 mm 3 was cut and polished to achieve a mirrorlike surface, followed by a high-temperature annealing to remove built-up strain during polishing. The modulation vectorq is the momentum transferred from the materials and lies in the scattering plane defined by the a and c axes, i.e.,a ; 0; q c . For photons of 639 eV, the intrinsic q resolution in terms of half width at half maxima (HWHM) is estimated to be of 0:001 A ÿ1 , including the effect of photon penetration depth. The scattering results reveal that TbMn 2 O 5 exhibits an AFM order below 42 K. Figure 1 shows the energy dependence of HWHM and scattering intensity withq in the reciprocal lattice units, which reflects the absorption of x rays. To reduce selfabsorption, we used photons with an energy just below the Mn L 3 edge in the following discussion on the temperature and polarization dependence; for example, the penetration depth (1800 A) of 639 eV photons is much larger than the correlation length of AFM order (800 A defined as the inverse of HWHM).
Temperature-dependent measurements indicate that the AFM order of TbMn 2 O 5 occurs with modulation vectors ( [7] . For the temperature between 37 and 30 K, the incommensurate scattering intensity decreases monotonically; the q a of the incommensurate ordering moves toward 0.5. In contrast, the commensurate ordering appears between 37 and 24 K, coexisting with the incommensurate ordering. The scattering intensities plotted in the insets of Figs. 2(a) and 2(c) demonstrate the coexistence of commensurate and incommensurate AFM orderings, similar to the coexistence of commensurate and incommensurate AFM phases observed in YMn 2 O 5 [13] . As shown in Fig. 3(a) , the onset of spontaneous electric polarization is accompanied by the 
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157202-2 incommensurate-commensurate AFM transition at 37 K, contrary to RMnO 3 [3, 11, 12] . On further lowering the temperature, a commensurate-incommensurate transition occurs at 23 K; the commensurate ordering disappears.
The polarization dependence of x-ray scattering provides the information about the direction of magnetic moments. Hannon et al. [18] have shown that the magnetic moment along a directionẐ probed in x-ray scattering is proportional to e 0 e Ẑ, where e 0 is the electric field of the scattered light. For an incident x ray of polarization, the scattered x ray from TbMn 2 O 5 with e 0 k b (denoted as 0 polarization) makes no contribution to the magnetic scattering, and the scattered x ray with e 0 ? b ( 0 polarization) is predominantly sensitive to the magnetic moment along the a axis, i.e., jS a q j, because 0 is 6 away from the a axis. Conversely, if the incident x ray has polarization, the scattered x ray has either 0 or 0 polarization; 0 is parallel to the b axis, whereas 0 is predominantly along the c direction. As neutron measurements indicate that the magnetic moments are in the ab plane [7, 8] , the scattering with polarization is predominantly sensitive to the magnetic moment along the b axis, i.e., jS b q j. The knowledge of jS a q j and jS b q j enables one to investigate howP is induced by magnetization based on the Ginzburg-Landau approach [11,22 -24] . As hinted from the broken inversion symmetry, there must be odd orders ofP coupling toSq. Clearly, the lowest order coupling is that an internal fieldẼ in couples toP, and the free energy F can be written as F P 2 =2 0 ÿẼ in P with 0 being the electric susceptibility. The minimization of F thus leads tõ P 0Ẽin . From symmetry point of view, becauseSq changes sign under time reversal,Ẽ in must be quadratic in magnetization and contains at least two components iñ Sq. Since bothq and ÿq must be paired to makeP uniform in real space,Ẽ in must contain bothSq andS ÿq . Under the inversion operationr j ! ÿr j ,Sq becomesS ÿq . SinceP changes sign,Ẽ in must change sign to fulfill F being invariant. Out of the quantities that characterize the magnetic order and the underlying lattice, there are two possible combinations forẼ in :û Sq S ÿq or Sq S ÿq q, whereû isâ,b,ĉ, or their combinations [25] , representing the most important anisotropic direction in the spin-spin interaction. Since Sq S ÿq jSqj 2 is finite for any magnetic phase occurring below the Néel temperature T N , an internal field of the form Sq S ÿimplies that transition temperature for nonvanishingP is identical to T N , which disagrees with experimental observation of TbMn 2 O 5 . On the other hand,û Sq S ÿq does discern different magnetic phases. In particular, it vanishes for collinear or inversion-invariant magnetic phases. Therefore, we conclude thatẼ in P q iqû Sq S ÿq is the only candidate that is consistent with symmetry considerations for TbMn 2 O 5 . Here q is some unknown function to be determined by microscopic models. Then the induced polarizationP is 0 P q iqû Sq S ÿq [24] . For TbMn 2 O 5 , because S c q vanishes,P is along the b axis if one takesû q, consistent with experimental observations. The choice ofû q is also consistent with the work by Mostovoy [24] , where the proposed expression, after being averaged over space, also shows thatP is determined bySq S ÿq . In addition, checking the magnitude ofP provides another justification. Since P / Pq qjS ã q jjS b q j sin a ÿ b [26] with a=b being phases of S a=b q , the appearance ofP requires nonvanishing a ÿ b , reflecting the requirement of noncollinear spin structure for inducing polarization. Since the change ofq is small, q is almost temperature independent. With further assumption of a ÿ b being roughly independent of temperature, we have P / Pq I I 1=2 . Figure 3(a) shows the comparison of P with the sum of the intensities I I 1=2 over commensurate and incommensurate magnetic orderings. Clearly, they follow each other closely, indicating the validity of the proposedẼ in and the assumption on the temperature independence of a ÿ b . These observations also indicate that the coexisting incommensurate and commensurate orderings break the inversion symmetry. Furthermore, sinceP is an odd function in hjS q j 2 i is simulated with a Lorentzian distribution centered at 37.5 K with a HWHM of 0.5 K. Note that I and I are the average intensities for and polarizations, respectively, i.e., I = I I ÿ =2 for incommensurate ordering and I = I C for commensurate ordering. P and " are reproduced data of zero magnetic field from Ref. [4] .
any component ofSq, strong magnetic fields can simply change the sign of just one component inSq and result in the observed reversal ofP in direction [4] .
For a complete understanding of the ferroelectricity, we further discuss dielectric responses of TbMn 2 O 5 , as summarized in Fig. 3(b) . Two anomalies are observed: " exhibits a sharp maximum at the incommensuratecommensurate transition (37 K) and a steplike structure at the commensurate-incommensurate transition (23 K). As shown below, both anomalies reflect the magnetoelasticity of the exchange energy. Specifically, because the exchange energy J is sensitive to positions of atoms [16] , applyingẼ induces J that depends on the change of polarization P . Experimental data indicate that only the component E b along the b axis couples to the magnetic order [4] so that J only depends on P b and can be expressed as J ÿg 1 qE b P b g 2 qP b
2 =2 with g 1 and g 2 being positive numbers that characterize the corresponding couplings. Here the first term contributes the potential energy of the electric dipole, and when combined with ÿẼ P, it corrects E b . The second term is the elastic energy that contributes a correction to the original elastic energy P 2 =2 0 and changes 0 . Including these corrections, the electric susceptibility becomes b
. The expression of b enables one to explain the behavior of " phenomenologically. We first note that, for the commensurate ordering atq C , the magnitude ofSq C saturates. It is then plausible to assume that the exchange energy reaches maximum at commensurate ordering, i.e., @J=@P b 0, which enables one to eliminate E b and obtains J ÿg 2 qP b 2 =2. This is equivalent to set g 1 q C 0 and g 2 q C < 0 from the beginning. Since hjS q j 2 i can be written as the sum of spin fluctuations, hjSqj 2 i, and square of moments, jSqj 2 , the enhancement of spin fluctuations near the incommensuratecommensurate transition explains the observed sharp maximum [22] of " at 37 K. In contrast, for the incommensurate ordering below 37 K, the magnitude ofSq is not saturated. In this case, since g 1 q IC > 0 and g 2 q IC > 0, b is thus more sensitive to the numerator. Figure 3 (b) shows the comparison of the measured " along the b axis and our phenomenological simulation of b with jSqj 2 I I . Note that b differs from " by a constant. The resemblance of these two curves shows that the response tõ E indeed arises from magnetoelasticity of the exchange energy.
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[26] BecauseSq S ÿq changes sign whenq is changed to ÿq in the summation, q must be odd inq with the lowest possible term being sinq a or sinq c . Thus, for q sinq a , P / P q jS a q jjS b q j sinq a sin a ÿ b , which is in agreement with microscopic considerations [15, 16] .
[27] The lowest-order terms for the change of F can be written as F P= 0 ÿ i Pû S q S ÿq P P 2 =2 0 ÿẼ P P q JhS q S ÿq i. Here the first term vanishes upon using the proposed relation betweeñ P andS q S ÿq .
